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Abstract

The detailed description of rules for generation of different random sampling schemes is shown and discussed with regard to Multi-
dimensional Fourier Transform (MFT). The influence of different constrained random sampling schedules on FT of constant signal, i.e.,
Point Spread Function (PSF), is analyzed considering artifacts level and distribution. We found that Poisson disk sampling schedule,
which provides a large low-artifact area in the signal vicinity, is the method of choice in the case of nonlinear sampling of time domain
in NMR experiments. We have verified the new sampling schemes by application to the 3D HNCACB and 15N-edited NOESY-HSQC
spectra acquired for 13C,15N labeled ubiquitin sample.
� 2008 Elsevier Inc. All rights reserved.
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1. Introduction

Multidimensional NMR allows for structural studies of
biomolecules with atomic resolution. However, in the case
of complex molecules spectra are extremely crowded due to
the large number of resonances. Therefore, in order to sep-
arate signals and enable resonance assignments, one usu-
ally adds spectral dimensions. Each of them has its own
sampling requirements which determine the number of
points needed to achieve desired resolution and spectral
width. This leads, independently of overall sensitivity, to
very long experiment times.

The goal of new methods of multidimensional NMR is
to shorten the experiment time by single scan acquisition
[1] or non-conventional, sparse sampling of the evolution
time space [2–8], which may be combined with non-FT
data processing [9–12].

Generally speaking, lack of information about time
domain signal leads to artifacts or peak amplitude/fre-
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quency disturbances in spectral domain. There are many
methods for processing of sparsely sampled signal. Some
of them, like simple additive back projection or Multidi-
mensional Fourier Transform (MFT), admit artifacts,
while others give artifact-free spectra with sampling sparse-
ness possibly causing peak frequency or amplitude uncer-
tainty. Sophisticated suppression of artifacts was also
employed in some variants of Projection Reconstruction.
Various deterministic and non-deterministic approaches
to processing of radially sampled data sets and reduction
of artifacts were widely discussed before [13].

Spectra obtained by Fourier Transform of sparsely sam-
pled signals compromise signal aliasing and artifacts due to
nonlinear sampling. The sampling schedule determines
artifact appearance, i.e., Point Spread Function (PSF), like
ridges in the case of radial sampling [7,3,5], rings in the case
of spiral [7], or concentric ring sampling [4]. According to
its definition, shape of PSF does not depend on signal fre-
quencies, and its amplitude is proportional to signal inten-
sity. As we have shown before [8], the relative signal-to-
artifact ratio increases proportionally to square root of
the number of time domain samples.
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Recently, we have shown that off-grid random sampling
is the best choice because of the lowest artifact level—arti-
facts appear in each spectral region, but they are very well
spread over the frequency domain [8,14]. We have also
revealed that even slight modifications of random sampling
could substantially improve results [14]. Moreover, such
improvement of sampling schedule gives significantly better
PSF than obtainable by attempts to increase accuracy of
time domain surface integration, which is not useful below
Nyquist density [8,14,15]. We have shown that the knowl-
edge of sampling schedule enables for prediction and clean
removing of artifacts [14].

In this work we discuss in details the principles of gener-
ation of random sampling schedules which predetermine
the shape and position of sampling artifacts.

1.1. Random sampling with constraints

Random sampling schedule can be optimized by adding
some restrictions on its generation. In our previous paper
[14] we presented the idea of jittered stratified sampling.
Its algorithm is quite simple. Prior to the generation of
points coordinates evolution time space is divided into
cells. Then in each cell one point is placed at random posi-
tion. Such procedure reduces discrepancy of points com-
paring to unrestricted random sampling schedule.

We confirmed the fact, reported before in works on image
processing [16], that using evenly distributed (although still
random) data points leads to ‘‘blue noise” artifacts of higher
frequencies with relatively clean region in the vicinity of the
spectral peak. We refer to this region as the ‘‘clean area”,
although it is not completely free-of-artifacts.

Even more optimal sampling can be realized by adding
explicit restriction for the minimum relative distances
between points. The spectral PSF depends on the ‘‘dimen-
Fig. 1. The illustration of idea of distance-restricted random sampling (po
discrepancy of points, (b) Poisson disk distribution—even sampling schedule w
with a1 = a2.
sionality” of this restriction and consequently on the shape
of histogram showing relative distances between points.
Distance constraint R can be defined for any number of
dimensions together or separately by condition:ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXK

i¼1

ðaiDtiÞ2
vuut P R ð1Þ

where summation takes place over K dimensions coupled
by the distance restriction. Dti is the difference between
coordinates values in dimension i for a given pair of points.
Weighting factors ai may be added to modify restrictions,
which is useful if spectral widths and/or maximum evolu-
tion times differ significantly.

Above condition should be satisfied for each pair of
points in the sampling schedule. In practice, even most
effective algorithms give small amount of points below this
limit (if the desired number of samples is required, see
below), but it does not affect the general conclusions.

During generation of the sampling schedule any number
of such restrictions can be declared. For example, when
generating 2D evolution time sampling pattern (i.e., for
3D NMR experiment) one can define the restriction for
the dimensions separately:

jDt1jP R1

jDt2jP R2

�
ð2Þ

Or together:ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1Dt1Þ2 þ ða2Dt2Þ2

q
P R12 ð3Þ

The comparison of random and random restricted (accord-
ing to Eq. (3)) sampling is presented in Fig. 1.

There are many algorithms for generation of evolution
time values with such point-free sphere around each point
int coordinates in arbitrary units): (a) purely random sampling—large
ith point-free sphere of diameter R around each sample defined by Eq. (3)
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(called Poisson disk sampling), known from computer
graphics papers. Some of them are: dart throwing, relaxa-
tion dart throwing, Poisson disk tiles, Lloyd’s relaxation,
tiled blue noise samples, fast hierarchical importance sam-
pling, edge-based Poisson disk tiles, template Poisson disk
tiles, corner-based Poisson disk tiles and recursive Wang
tiles described in popular reviews [17,18].

They differ mostly in the numerical efficiency and com-
promise speed and quality of the point response function.
For NMR purposes optimization of the generation speed
is not the main field of interest as the sampling scheme is
generated off-line, before experiment. Thus, the most effec-
tive method (in the terms of fulfillment of the distance con-
dition) should be chosen. If one wants to obtain particular
number of evolution time points (i.e., defines how long the
experiment lasts), which is most common situation, then
relaxation dart throwing algorithm is the best choice [19].

This algorithm was discussed in many papers, thus only
the most common example of its employment will be pre-
sented here. For the generation of the 2D evolution time
domain sampling with 2D restriction R12 relaxation dart
throwing is realized in the following way (see flow-chart
presented in Fig. 2):

1. Number of points should chosen. Maximum possible dis-
tance between points is defined by hexagonal lattice and,
for unitary surface [0,1] � [0,1], could be calculated
using expression [17]:
Fig. 2. Flow-chart illustrating procedure of generation of distance-restricted
restriction).
Rmax ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
ffiffiffi
3
p

N

s
; where N is the number of points:

2. The percentage a of Rmax used during generation of sam-
pling schedule should be set. The best results (not too
regular and not too high discrepancy) are achieved for
a in the range of 65–90%.

3. Generation of points is performed in the loop. Each time
the point coordinates are chosen randomly from [0,1]
band and the distance restrictions to all points generated
before are tested.

4. If the result is successful then the point is accepted.
5. If not, then point coordinates are generated again and

again. The number of repetitions (called relaxation con-

dition) is declared.
6. If, after declared number of repetitions, point coordi-

nates are still not proper then the distance restriction
R is multiplied by a relaxation multiplier (which should
be chosen from band (0, 1] but rather close to 1 like
0.999). The points are generated again in the desired
number of repetitions. This procedure is repeated until
the point is accepted.

7. After given number of points is generated, their coordi-
nates are multiplied by maximum evolution time values.

8. As we shown previously [7,14], it is also convenient to
transform such random sampling scheme of uniform
points density to decaying points density according to
gaussian or exponential distribution. Thus, the initial
sampling scheme (example of 2D sampling pattern with one 2D distance
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part of interferogram, with high signal-to-noise ratio, is
preferred. This is realized by multiplication of point
coordinates by appropriate function (still keeping the
same evolution time space).

Points are distributed much more evenly than in the
strictly random case, and also more evenly than in the case
of optimized (or ‘‘stratified jittered”) sampling discussed in
our previous work [14]. Comparison of histograms and
integrated PSF for different sampling schedules are plotted
in Fig. 3. In the case of Poisson disk sampling (Fig. 3g)
most of the points are at about the distance of aR to neigh-
boring points.
Fig. 3. Simulations presenting dependence of point spread function on the sa
20 ms � 20 ms evolution time surface were used. Histograms (a), (d), and (g) sh
(b), (c), (e), (f), (h), and (i) show radial dependence of spectral artifacts and we
frequency domain. This is justified because of symmetry of artifact level. Plot
pictures (c), (f), and (i) points coordinates were transformed to obtain Gauss
without distance restriction, i.e., (a), (b), and (c), level of artifacts is more or
jittered sampling (d) shows maximum at 0.4 ms but it is very broad and thus th
gives points at more or less the same relative distance about 0.55 ms (g). This
1820 Hz (h), where artifact level reaches maximum and is even higher than in c
points density (e.g., Gaussian distribution) of time coordinates is used (i).
1.2. Sampling constraints and spectral point spread function

In all presented cases of random sampling, the distribu-
tion of spectral artifacts is strictly connected with the shape
of distance restrictions (Fig. 3). If there are no restrictions
(i.e. the distribution is purely random) then the artifact
level is more or less uniform in each spectral region
(Fig. 3b). In other case, there is a clean area in the vicinity
of the peak, but then the artifact level raises and reaches
maximum for frequencies fulfilling:ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXK

i¼1

Dmi

ai

� �2

vuut ¼ 1

Rd

ð4Þ
mpling scheme for different random sampling types. 1024 time points and
ow number of points with given minimal distance to other points. Pictures
re obtained by integration of modulus of artifact level around the rings in
s (b), (e), and (h) are obtained from uniform sampling schedule, while in
ian distribution of time domain points. In the case of random sampling
less equal in the whole spectral domain. Distance histogram of stratified
e artifact-free region in spectrum (e) is very narrow. Poisson disk sampling
gives artifact-free region for small frequencies up to the rapid raise at the
ases (b) and (e). This maximum, however, can be smoothened if decaying
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where K is the number of dimensions, the same as in the
Eq. (1) and Dmi is the difference of spectral point coordinate
i and a peak coordinate i, and Rd is the dominant distance
between points. The level of this maximum could be re-
duced by application of time decaying points density. This
is especially remarkable in the case of Poisson disk sam-
pling (Fig. 3g–i ).

It is noteworthy, that according to Eq. (4) minimal dis-
tance restriction results in artifacts whose level is appropri-
ate function of distance from the peak in these dimensions
where the restriction was declared. Two examples are pre-
sented in the Fig. 4c and d. For the given number of points
two 1D (Fig. 4c) or one 2D (Fig. 4d) distance restriction
can be declared.

In the first case the clean area can be observed only for
the one-dimensional spectral region along m1 and m2 axis,
however, it reaches much greater m1 and m2 values. In the
second case 2D restriction results in 2D free-of-artifact
area around the peak. However, it is not possible to
increase it without penalty. The attempt to obtain too
Fig. 4. Point spread functions for different types of random sampling of two
negative are white. (a) Random sampling without distance restrictions, (b) stra
distance restrictions for two dimensions, and (d) distance-restricted sampling
intensity scale was used for all spectra.
restricted Poisson disk sampling converges to regular distri-
bution which causes lines of artifacts parallel to m1 or m2

axes. Their level raises with the restricted distance and thus
with the clean area. For example, both ridges in Fig. 4d are
at the level of 1.5% of the peak height with sampling den-
sity equal to 36% of Nyquist density. Employing the elliptic
restriction (a1 6¼ a2) differentiates the level of these ridges.
Namely, for a1 > a2 (i.e., broader clean area for m2) the
ridge along m1 axis is of greater intensity. This case is pre-
sented in the experimental examples below, where spectral
width significantly differed between two indirectly mea-
sured dimensions.

Experimental comparison of HNCACB and 15N-edited
NOESY spectra recorded using different random sampling
schedules for 13C,15N-labeled ubiquitin is provided in Figs.
5 and 6, respectively. In both cases owing to larger spectral
width in F1 dimension Poisson disk sampling was modified
to ellipses (a1 > a2). Conventional spectrum shown in
Fig. 5a suffers from poor resolution, however, when
random sampling schedule was used longer maximum
-dimensional evolution time space. Positive values are colored gray while
tified jittered sampling, (c) distance-restricted sampling with two separate
with 2D distance restriction (classical Poisson disk sampling). The same



Fig. 5. Contour plots of F1–F2 cross sections of 3D HNCACB spectra of human ubiquitin (x3(1H) = 8.45 ppm) for: conventional sampling (a), random
sampling without restrictions (b), stratified jittered sampling (c), and Poisson disk sampling (d). Equal intensity threshold, adjusted to the level of artifacts,
was used for all plots. The spectral width of 12,000 � 2300 � 12,000 Hz was set in F1, F2, and F3, respectively. 48 � 48 t1/t2 data points was recorded in
conventional experiment, i.e., the maximum evolution times t1 and t2 of 4.0 and 20.9 ms, respectively, were achieved. In the case of experiments with
random sampling the maximum evolution times t1 and t2 of 25 and 30 ms, respectively, were set (which is equivalent to 11.1% of Nyquist density). Four
scans were coherently added in all four data sets for 2304 t1/t2 data points, so the acquisition time of both, conventional and randomly sampled
experiments, were equal. The spectra were transformed with the resolution of 2048 � 512 � 2048 points in F1, F2, and F3, respectively.
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evolution times and thus improved resolution were
achieved at the expense of artifacts. While the spectrum
plotted in Fig. 5b obtained by unrestricted random sam-
pling reveals uniform artifact distribution, jittered and
Poisson disk sampling used for spectra shown in Fig. 5c
and 5d provide the clean area in the signals vicinity. Pois-
son disk samplings give rise to larger clean area and addi-
tionally enables optimization of shape of artifact-free
regions with respect to specific requirement of the method.
Extending the clean area along the x2 axis (Fig. 4d) caused
higher level of ridge along x1. It is, however, still below the
level of artifact plateau and thus is not visible. Acquisition
of NOESY spectra is more demanding due to high dynamic
range of signal intensities. Therefore, using unrestricted
random sampling schedule produces uniform PSF which
might mask small off-diagonal peaks as shown in Fig. 6a,
on the other hand jittered sampling (Fig. 6b), and, espe-
cially, optimized Poisson disk sampling (Fig. 6c) schedules
enable one to obtain clean area. In the later case the arti-
fact-free region could be adjusted to spectral region of
interest, i.e., uncovering small off-diagonal signals. Very
wide clean area along x1 (Fig. 6c) was achieved at the
expense of higher ridge in the x2 dimension. These residual
artifacts could be easily removed employing cleaning pro-
cedure described in Ref. [14]. The result showing clean
spectrum is drawn in Fig. 6d.

2. Experimental

The 3D HNCACB and 15N-edited NOESY-HSQC spec-
tra were recorded for 1.5 mM 13C, 15N-double labeled
human ubiquitin in 9:1 H2O/D2O at pH 4.5 at 298 K on
a Varian NMR System 700 spectrometer equipped with a
Performa XYZ PFG unit and using the 5 mm 1H, 13C,
15N-triple resonance probehead with high power 1H, 13C,
and 15N p/2 pulses of 5.9, 13.5, and 31.0 ls, respectively.
The pulse sequences were adapted from the Varian Userlib
BioPack package. The MFT was performed employing PC
with 3.0 GHz Pentium 4 processor running under Linux
OS. The software is available from authors.



Fig. 6. Contour plots of F1–F2 cross sections of 3D NOESY-HSQC spectra of human ubiquitin (x3(1H) = 8.162 ppm) for: random sampling without
restrictions (a), stratified jittered sampling (b), and Poisson disk sampling (c). Additionally, artifact level can be significantly reduced (d) by employing
cleaning procedure discussed in our previous work [14]. All spectra are plotted in the same intensity scale. The spectral width of
12,000 � 2300 � 12,000 Hz was set in F1, F2, and F3, respectively. The maximum evolution times t1 and t2 were both set to 30 ms (thus the relative
density of points was 9.3% of Nyquist density). Four scans were coherently added in all four data sets for 2304 t1/t2 data points. The spectra were
transformed with the resolution of 2048 � 512 � 2048 points in F1, F2, and F3, respectively.
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3. Conclusions

We have shown that it is possible to shift artifacts, rising
due to irregular sampling of evolution time space, away
from the peaks. This is realized by defining some distance
constraints during generation of sampling schedule. The
best and general approach to generation of distance-
restricted sampling pattern is relaxation dart throwing used
for Poisson disk sampling, well known in image processing.
It is originally developed for 2D but can be easily extended
to higher dimensions. Also distance restriction can be easily
modified and separated to restrictions of lower
dimensionality.

In our opinion distance-restricted sampling is the best
option of random sampling, and the optimal results can
be obtained if dimensionality of the restriction is equal to
the dimensionality of evolution time space. In some exper-
iments, however, having artifact-free-zone along spectral
axes may become more convenient.

In the case of significant differences in spectral width in
two dimensions involved in the minimum distance condi-
tion it is convenient to modify Poisson disk to ‘‘Poisson
Ellipse” distribution.
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